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Abstract 
 
This chapter describes the major issues that are involved in the statistical thermodynamical treatment of 

phospholipid membranes at the atomic level. The ingredients going into models of lipid bilayers is 

summarized: force fields, representation of long-range interactions and boundary conditions, followed by 

the discussion of the choice of thermodynamic ensembles and the two main options for the generation of a 

representative sample of configurations: molecular dynamics and Monte Carlo are discussed. The final issue 

that is dealt with describes the various ways the generated ensembles can be analyzed.  

 

1. Introduction 
 
Statistical thermodynamic description of a system recognizes the fact that the behavior exhibited by the 

system can not be explained by a single state. Instead, the system’s behavior is the result of its sampling an 

ensemble of states. The fundamental result of statistical thermodynamics is the characterization of such 

ensembles in terms of the Boltzmann distribution. 

Thermodynamic description of a system can use different sets of independent variables. Once the 

independent variables are set, other variables are determined by various thermodynamic relations (e.g., the 

equation of state). Each choice defines a different set of such relationships. Corresponding to each choice of 

independent variables there is a statistical thermodynamic ensemble, with their respective formalism. While 

in the infinite system size limit the results are the same irrespective of the ensemble chosen, for finite sizes 
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they can give answers that differ by an amount that is proportional to 1/N, N being the number of particles in 

the system. Since the formalism is different for each ensemble, the choice is usually governed by 

computational convenience.  

While analytical theories exist for the characterization of ensembles of simple systems, systems of the 

complexity of lipid membranes are not amenable to such treatment without extreme simplification. Such 

complex systems, however, are amenable to be modelled in full atomic detail using computer simulations. 

This section presents the various steps involved in characterizing a phospholipid membrane using computer 

simulation. 
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2. Construction of the System 
 

The construction of a model for a phospholipid membrane involves several choices, each involving some 

tradeoff. The first choice is the representation of intermolecular energies and/or forces. While it would be 

desirable to use quantum-mechanical techniques, they are still prohibitively expensive. The currently 

favoured choice is the use of molecular mechanical force fields treating non-bonded interactions in a 

pairwise additive manner and describing the intramolecular interactions with bond stretching and bending as 

well as torsional terms, although there exist force fields that also include cooperative terms, usually 

represented as polarization energy.  

Statistical treatment in general assumes a large enough sample that the average behavior of the sample is 

representative of the full-size system. The larger the number of molecules in the model, the better the 

representation but the calculation is more expensive. The accuracy of a model with limited number of 

molecules is increased significantly by the use of periodic boundary conditions: a basic cell containing the 

system is surrounded by periodic replicas in all three dimensions. This device eliminates surface effects at 

the expense of introducing artifactual periodicity into the model. 

 

2.1. Force Field 

 

2.1.1. All-Atom Representation 

 

Molecular mechanical force fields express the energy of the system E(XN) as a sum of several terms and – 

when needed – calculate the force acting on each atom as the gradient of this energy: 

    ( ) .14 TORANGBONDNB
N EEEEEE ++++=X               (1) 

Here ENB is the non-bonded energy, summed over all pairs of atoms Xi and Xj, separated by the distance rij, 

that are on different molecules or in the same molecule but separated by more then three bonds, E14 is the 

non-bonded energy summed over all pairs of atoms separated by exactly three bonds, while EBOND, EANG, 

and ETOR are the intramolecular energies summed over all bonds, bond angles and torsions, respectively. 

The non-bonded term is usually given in the form  
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where εij and σij are the so-called Lennard-Jones parameters, representing the depth of the attraction due to 

dispersion forces and  the extent of exchange repulsion, respectively, while qi and qj are the partial charges 

assigned to atoms i and j to represent the electrostatic interaction between them. While some force fields 

assign εij and σij values for different pairs of atom types, most assign values for each atom type and obtain εij 

and σij as a combination of the two. The combination rules either involve calculating the geometric mean of 

both (e.g., in the OPLS force field (1)) or the so-called Lorentz-Berthelot rule: arithmetic mean for σij and 

geometric mean for εij (e.g., in force fields CHARMM (2) and AMBER (3)). Partial charges are either 

obtained from empirical rules (see, e.g., (4)) or from ab-initio calculations, using a fitting procedure that 

finds partial charges by ensuring the best reproduction of the electric field around a molecule. In general, the 

Lennard-Jones parameters are established independent of the molecule the atom is in; partial charges are 

assigned for each molecule. 

It is important to keep in mind two facts that may eventually result in fundamental reparametrization of non-

bonded interactions. First, this form, while well established (even entrenched), owes its existence to the 

necessity of saving computational time at the expense of introducing too steep repulsion. Second, while the 

three terms appear to neatly represent the physics of three different types of interactions (exchange 

repulsion, dispersion, electrostatics), when performing a least-squares fit to actual data the matrix obtained 

is usually nearly singular, indicating that the functions proportional to r 
-12, r 

-6, and r 
-1 are nearly linearly 

dependent. Besides the practical problem of having to deal with nearly singular matrices this means that the 

coefficients derived will contain contributions from different types of interactions. As a result, the 

transferability of the parameters suffers. 

E14 is represented with the same functional form as ENB but either with a different set of non-bonded 

parameters (e.g., in CHARMM) or applying an overall correction factor to both the Lennard-Jones and the 

electrostatics part (e.g., in AMBER). 

EBOND and EANG are generally represented with harmonic terms: 
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where i and j are the atoms forming the bond of length rij, i, j, and k are the atoms forming the bond angle 

αijk, the superscript 0 refers to the equilibrium value and the parameters ka, kb, and kUB are the respective 

harmonic strengths. The second form of EANG is usually referred to as the Urey-Bradley term. 

ETOR represents in general two types of terms. The contribution of the conformational state of a bond to the 

energy of the molecule is usually expressed as a trigonometric function of the torsion angle δ: 

      ( )[ ] ,cos1 0
ijklijklijklijklTOR nkE δδ ++=              (6) 

where the parameter kijkl represents the strength of the interaction, and the parameters nijkl and δo
ijkl depend 

on the type of the bond. The other type is called improper torsion and is used to enforce either the chirality 

of an atom or to keep a bond in a plane (e.g., in the case of an aromatic ring). For an atom k with bonded 

neighbors i, j, and l it is a harmonic function of the angle between the planes formed by atoms i, j, and k and 

by atoms j, k, and l. 

It can not be emphasized enough that the various terms of each extensively used force field have evolved as 

a whole and mixing terms from various sources is likely to lead to inferior result. 

 

2.1.2. Simplified Lipid Representation 

 

There have been efforts to reduce the computational expense by introducing simplifications into the all-atom 

representation in such a way that the essence of the interactions is conserved. Foremost among such 

simplification is the simplified treatment of hydrogens.  

Both CHARMM and AMBER have parameter sets where the apolar hydrogens have been mapped onto the 

carbon atom they are bonded to. In this treatment there will be different carbon atom types, depending on 

how many hydrogens are mapped. An intermediate solution was introduced by the GROMACS (5) force 

field  that introduced the concept of frozen groups: hydrogens do appear explicitly but their movement is not 

independent of the heavy atom they are bonded to.  
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Since even without explicit hydrogens the timescale available for simulating lipid bilayers is generally 

inadequate to study rare events, such as the exchange of lipids between bilayers (also called ‘flip-flop 

transitions’) further simplifications have been introduced (6-9). These models concatenate the headgroup 

into a few hydrophilic centers and replace the hydrophobic tails with a few centers connected with a 

harmonic spring. Such models are able to reproduce even the spontaneous formation of the membrane 

bilayer within reasonable computer time (7). 

 

2.2. Periodic Boundary Conditions 

 

The most important property required of a simulation cell used under the traditional periodic boundary 

conditions is that it can be used to pack the three-dimensional space by appropriately translated copies of 

itself without leaving void space. The conceptually simplest such shape is the cube. However, as we use the 

periodic system only to avoid having to introduce a surface, the effect of periodicity should be minimized. 

In simulating general solutions, this calls for a shape that has the largest inscribed sphere for a given volume 

and led to the introduction of rhombic dodecahedron and truncated octahedron. In modeling lipid bilayers 

the distance between layer images should be kept as large as possible since the concerted effect of a bilayer 

is much stronger than the interaction between individual lipids in the same layer. This led to the use of prism 

shape cells for lipid bilayers where the axis of the prism is along the bilayer normal. Consistent with the use 

of prism, one can still use a cross-section that has the larges inscribed circle for a given area, leading to the 

choice of hexagonal prism (10). 

Simulations of lipid bilayers can take advantage of periodic systems where the replicas of the simulation cell 

filling the space seamlessly are generated by translation and rotation. Dolan et al. have shown (11) that 

using either P21 or Pc symmetry the neighboring box will contain an image of the opposite layer. Under 

these symmetries the two layers can end up exchanging lipids without actually flipping over since a lipid 

leaving the cell at one side will cause its image to reenter the simulation cell in the opposite layer. This 

provides a computationally efficient way to equilibrate the two layers of a membrane – an important task if 

the two layers have different guest embedded into them. Without using one of these non-traditional periodic 

boundary conditions such an equilibration requires either the direct exchange of lipids between the two 

layers or the separate determination of the requisite number of lipids based on the area/headgroup of the 

lipids and the guest. The first solution is computationally impractical, while the reliability of the second is 

questionable. Thus it is somewhat of a surprise that use of these boundary conditions has not been widely 
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adopted for the modeling of lipids with proteins embedded, as witnessed by a recent review on such 

simulations (12). 

 

2.3. Treatment of Long-Range Interactions 

 

In general, the energy of interaction between two atoms decreases with the distance between them. Thus, 

significant savings in computer time can be achieved by treating interactions between distant atoms 

separately from interactions between pairs closer to each other. One option is to set them to zero when the 

distance exceeds some predefined threshold, usually called cutoff. The other option is to use a simplified 

representation of interactions between distant pairs. In the context of simulating lipid membranes this takes 

the form of using a formalism to obtain the interaction with simplified forms of all periodic cells, extending 

to infinity, realized by a construct called Ewald sum. 

 

2.3.1. Cutoffs 

 

If interactions between all atoms of the system are to be calculated then the computation cost – even 

assuming pairwise additive potentials – will be proportional to the square of the number of atoms.  

However, the interactions die off as the distance between them increases, so such a procedure would result 

in calculating many near zero quantities. This observation prompted the introduction of cutoffs: a distance 

threshold beyond which all interaction energies are assumed to be zero. This procedure, however, is not 

without pitfalls. Besides the obvious problem of being ‘greedy’ and choosing too short a threshold, there are 

the problems created by the discontinuity at the cutoff distance (causing artifactual heating during molecular 

dynamics runs) and the neglect of contributions from the small but numerous distant pairs that can add up to 

a significant amount even when the choice of threshold was not ‘greedy’. The discontinuity, only affecting 

adversely molecular dynamics simulations, can be eliminated by the introduction of a so-called switching 

function that continuously changes the function to be cut off to zero over a finite interval. The cumulative 

contribution of pairs beyond the distance RC whose interaction is proportional to 1/rk has the general form of 
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For large enough RC  this provides significant contribution only if the interactions die off slower than 1/r4. 

For k=3 – as is the case for dipole-dipole interactions - the integral will depend on the way the triple 

integration is carried out, i.e., on the shape of the system as it is extended to infinity. For k<3 – as is the case 

of charge-charge and charge-dipole interactions – the integral diverges for sure. To avoid such problem it 

has been recognized early on (13) that – whenever possible - atoms should be grouped into neutral clusters 

and the cutoff between any two atoms should be based on the distance between the cluster centers. 

 

2.3.2. Ewald Sum 

 

Since in general the total dipole moment of a simulation cell is nonzero, the electrostatic interactions 

between a simulation cell and its periodic replicas can add up to a significant amount. The summation of 

these terms is, however, nontrivial: the resulting infinite series is only conditionally convergent. As a 

consequence, the final sum depends on the order of summation – just as the integral of the distant dipolar 

contributions depend on the shape of the system being integrated to infinity. Ewald (14) introduced a 

technique that calculates the dipolar sum as two absolute convergent series – one of them in the reciprocal 

space. The relation between the Ewald sum and the summation order has been analyzed by Campbell (15). 

Use of the Ewald sum has been facilitated by the introduction of the particle mesh technique (16) that 

significantly reduced its computational complexity. Note, however, that its use corresponds to a system on 

infinite stack of bilayers (separated by water layers) instead of a single bilayer. To avoid this articfact, the 

Ewald technique has been extended to systems that are periodic in only two of the three spatial dimensions 

(17).  

 

3. Generation of Boltzmann Sample of Configurations 

 

There are three different decisions that have to be made when establishing the procedure for generating a 

Boltzmann-weighted ensemble: a) the choice of thermodynamic ensemble; b) the method of sampling in the 

ensemble chosen; and c) since all methods of sampling obtain successive configurations from the previous 

one, the generation of the initial configuration. 

 

3.1. Thermodynamic Ensembles 
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The thermodynamic ensembles most frequently used include the canonical (N,V,T), microcanonical (N,V,E), 

isothermal-isobaric (N,p,T) and grand-canonical (µ,V,T) ensembles. For modeling membrane systems 

sometimes the surface tension is also included as an additional variable, leading to simulations in the 

ensemble (N,p,γ,T) (18,19). The choice of the ensemble is made based on the importance of which 

thermodynamic property has to be guaranteed to give the right (i.e., experimental) value and the sampling 

advantage a particular ensemble offers. By setting V and N constant the density (and for lipid bilayers, the 

area/headgroup) can be set to the desired value, but the pressure will be obtained from the simulation and, 

due to the approximate nature of the force field, it can not be guaranteed to turn out to be 1 atm. For 

heterogeneous systems, however, the density is a complex function of the components, and assuming the 

incorrect value may lead to the appearance of large voids – bubbles- in the system.  

Classical molecular dynamics corresponds to sampling in the microcanonical ensemble, but the technique 

has been generalized to other ensembles by including an additional fictitious degree of freedom. The choice 

of the ensemble also affects the sampling efficiency. Using constant p (and γ) requires periodic change in 

the volume (and in the cross-section of the cell), helping the system to cross barriers. Using constant µ 

requires the change in the number of particles (i.e., insertions and deletions) and this helps equilibration 

between different pockets or semi-pockets of the system in general and speeds up the penetration of the 

solvent by an order of magnitude (10). While successful insertions into condensed phase systems are 

generally rare, the cavity-biased technique made efficient use of the (µ,V,T) ensemble feasible (20,21). 

 

3.2. Method of Sampling 

 

Currently two mayor classes of methods are used for sampling configurations of condensed phases: 

molecular dynamics and Monte Carlo. Molecular dynamics takes advantage of the fact that systems 

following Newton’s law of motion will sample a Boltzmann-distributed ensemble while Monte Carlo 

methods use the mathematical construct called Markov chain that can also generate a Boltzmann-distributed 

ensemble. From a mathematical point of view, the Monte Carlo approach solves a problem with weaker 

restrictions than molecular dynamics since satisfying Newton’s law of motion is a sufficient but not 

necessary condition for the generated set to follow Boltzmann distribution. However, current practice favors 

molecular dynamics since it was found to work well and the few realizations of Monte Carlo attempted so 

far have not proven to be superior to it. It is our belief, however, that the potential of Monte Carlo approach 
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has not been fully exploited yet (22). Note also that simulations can combine the two techniques to exploit 

the respective advantages of each (23-25). 

 

3.2.1. Molecular Dynamics 

 

The large number of degrees of freedom in a system of solvated lipid bilayers implies that Newton’s law of 

motion has to be solved by numerical quadratures. There are several such quadratures developed (see, e.g., 

(26)) but each are limited in the time step they can make in order to maintain conservation of energy. Some 

increase in the time step is possible if the highest frequency motions (i.e., the vibrations involving hydrogen 

atoms) are frozen. This is usually achieved by applying a constraint on the bond lengths (usually 

implemented by the SHAKE method (27)) involving hydrogens, allowing the increase of the time step from 

the customary 1 fs to 2 fs.  

 

3.2.2. Monte Carlo 

 

The MC technique used for simulation of atomic and molecular assemblies, usually referred to as the 

Metropolis method (28), is based on the construction of a Markov chain whose limiting distribution π is the 

Boltzmann distribution in the ensemble under consideration. This requires the construction of a transition 

matrix P such that π = Pπ. P is constructed with the help of an other matrix Q whose elements qij form a 

transition matrix of an irreducible Markov chain on the same states. The qij matrix elements are usually 

referred to as the a priori transition probabilities. The simulation proceeds from state i by selecting a 

candidate state j with probability qij that is accepted with probability (26) 
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The original Metropolis method uses the particular choice of qij = qji. 

In general, the shift from state i to state j changes a small part of the system, to avoid having too small (πj 

/πi) in the above equation. The aim of the sampling technique design is to select the largest possible change 

in the system that is still likely to be accepted. This is achieved by the judicious choice of coordinates for the 
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change and for the magnitude and direction of change. For the sampling of polymer conformations, such as 

lipids, this usually means the use of torsional coordinates.  

The choice of sampling techniques is only limited by the practitioners’ imagination. Here we briefly 

describe three such techniques that have been applied to lipid simulations or are considered having strong 

potentials. 

 

3.2.2.1. Configurational Bias MC 

Configurational bias Monte Carlo generates new elements of the Markov chain by growing (possibly only 

part of) a polymer chain unit by unit, adding each by considering the other atoms in the vicinity to minimize 

steric overlap; the bias introduced by these choices can be controlled and corrected for (29,30). The most 

attractive feature of this technique is the significantly reduced correlation between successive accepted 

members of the Markov chain. As the system becomes denser, however, the probability of acceptance 

becomes progressively smaller. 

 

3.2.2.2. Extension-Bias MC 

Extension biasing is based on the observation that the maximum atomic displacement resulting from a given 

torsion angle change depends on the shape of the part of a molecule that is affected by the change in that 

torsion angle – it scales the torsion angle stepsize parameter with the inverse square root of the largest 

distance from the torsion axis (10). So far it was applied to torsions that moves the full length of the polymer 

chain but it is equally applicable to local moves affecting only a polymer segment, (31,32) although it has 

not been done yet. 

 

3.2.2.3. Scaled Collective Variables 

Sampling in terms of the so-called scaled collective variables (33) is a well-established technique that finds 

a special linear combination of natural variables (e.g., torsion angles) that results in significantly better 

sampling. The coefficients are obtained from the eigenvectors and eigenvalues of the Hessian of the system, 

thus there is a significant additional computational expense involved, though. While, to our knowledge, it 

has not been applied to lipid systems, a novel and efficient implementation could calculate the Hessians 

separately for each lipid instead of calculating a single Hessian for all of the lipids since this reduces the 

computational complexity of calculating Hessians by a full order of magnitude.  
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3.3. Initial Configuration 

 

With lipid simulations becoming more and more widespread, reasonably well-equilibrated initial 

configurations can be obtained from earlier simulations of the same or similar systems. Lacking such 

‘crutch’, condensed phase simulations start either from a randomly generated configuration or from a 

crystalline state (corresponding to a start at infinite or zero absolute temperature, respectively). For 

simulations of a lipid bilayer these choices are likely to be both extremely inefficient since the timescales of 

both lateral diffusion and orientational relaxation in a bilayer indicate that providing a well-equilibrated 

system at ambient or physiological temperatures would require very long simulations. In spite of this dire 

prognosis such calculations have been performed successfully (34). A well-established strategy to build a 

new bilayer (35) is random selection of phospholipids from a pre–equilibrated and pre–hydrated library of 

DPPC generated by Monte Carlo simulations in the presence of a mean field (36,37)\. 

 

4. Analysis of the Generated Ensemble 
 

4.1. Density Profiles 
 

In characterizing the average structure of the membrane at different regions along its normal axis probably 

the most important tool is the density profile of various atoms or atomic groups. The calculation of density 

profiles is a rather straightforward task: the average occurrence of the atoms of interest per configuration has 

to be counted in different lateral slices of the membrane and divided by the volume of the slice. To obtain 

better statistics it is generally advised to average the obtained profiles over the two layers of the membrane. 

Conversely, the comparison of the density profiles in the two separate layers can provide information on the 

sampling efficiency of the equilibrium structure of the membrane layers.  

To get an overall view about the distribution of the atoms across the membrane the mass and electron 

density profiles of the system are of particular importance. The relevance of the calculation of electron 

density profile in simulations is stemmed from the fact that it can also be measured in X-ray diffraction 

experiments, and hence it is one of the important properties of the system through which the quality of the 

simulation can directly be tested against experimental data. The general shape of the mass and electron 

density profiles in phospholipid membranes shows that the highest and lowest density part of the membrane 

is the region of the headgroups and the middle region of the chain terminal CH3 groups, respectively. The 

distance of the density peaks corresponding to the two headgroup regions is a simple measure of the 
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membrane thickness. Further, the absence or presence of a thin but deep minimum in the middle of 

membranes of more than one component can provide information on whether all the components can extend 

to the middle of the bilayer or not (38,39).  

Besides the overall density profiles of the system, the density profile of various atomic groups can also 

provide valuable information on the organization of the membrane structure along its normal axis. Thus, the 

density profile of the water molecules shows how deeply water can penetrate into the bilayer. The evolution 

of this profile during the simulation is a rather sensitive measure of the equilibration of the system (10). This 

profile can also easily be converted to the free energy profile of water up to the position beyond which the 

obtained water density reaches zero. Although any meaningful analysis of such density profiles usually 

requires their determination across the entire membrane, the distance range within which the 

computationally rather demanding calculation of the water free energy profile has to be performed can 

substantially be reduced in this way (40). 

The density profiles of various atomic groups can also be considered when the system investigated has to be 

divided into separate regions. Such a partitioning of the membrane can be useful in the analysis of various 

structural or dynamical features that show considerable variation along the membrane normal axis due to the 

large inhomogeneity of the system. In this way, the properties of interest can be separately analyzed in the 

separate membrane regions. The usual partitioning of the membrane divides it to regions dominated by the 

hydrocarbon chains, the headgroups and the hydrating water molecules, respectively. However, based on the 

density profiles of various atomic groups more sophisticated, yet physically still meaningful dividing 

schemes can also be derived (40,41). 

The comparison of the density distribution of different atoms or atomic groups along the membrane normal 

axis can also give some indication on the average alignment of various parts of the lipid molecules. Thus, 

for instance, the comparison of the density profiles of the P and N atoms (18,2438-40,42,) or the negatively 

charged phosphate and positively charged choline groups (43-47) in pure membranes of 

phosphatidylcholine lipids has revealed that although the N atom or choline group density peak is somewhat 

farther from the middle of the bilayer than that of the P atoms or phosphate groups, the two density peaks 

largely overlap with each other. This observation indicates that the dipole vector of the lipid headgroups 

(roughly pointing from the P to the N atom) is, on average, directed more likely toward the aqueous phase 

than toward the membrane interior, however, this preference is rather weak. This conclusion, drawn solely 

from the behavior of density profiles has also been confirmed by detailed analyses of the headgroup 

structure (18,38,39,48-51). 
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4.2. Order Parameter 
 

In the liquid crystalline (Lα) phase of the membrane the conformation of the hydrocarbon tails of the lipid 

molecules is disordered. This conformational disorder can be characterized by various different quantities, 

such as the average tilt angle of each of the C-C bonds along the hydrocarbon tails (39,52) or the ratio of the 

appearance of the trans and gauche alignments of the dihedral angles around these bonds (42,53-55). 

However, the vast majority of the studies calculate the profile of the CH2 group order parameter along the 

lipid tails for characterizing their conformational and orientational order. The importance of the 

determination of the order parameter profile in the simulation is that it can also be measured by nuclear 

magnetic resonance (NMR) spectroscopy, and thus it is another quantity through which the simulation 

results can be compared with experimental data.  

The order parameter tensor of a CH2 group is defined as  

      ,
2

coscos3 ijji
ijS

δγγ −
=                (9) 

 

where indices i and j run through the x, y and z axes of the local Cartesian frame fixed to the CH2 group, γ is 

the angle formed by the corresponding axis of this frame with the membrane normal, δij is the Kronecker 

delta, and <….> denotes ensemble averaging. The local frame is defined in such a way that its x axis 

connects the two H atoms, the axis y is the main symmetry axis of the CH2 group, whereas the axis z is 

perpendicular to the plane of the three atoms. In the case of using a force field of simplified lipid 

representation, i.e., when the entire CH2 group is treated as a united atom this frame has to be defined 

without knowing the orientation and geometry of the CH2 group. However, a definition equivalent with the 

above one can still be given in this case. Thus, axis z connects the C atoms located before and after the CH2 

group of interest along the hydrocarbon chain, axis y is perpendicular to z and lays also in the plane 

containing the CH2 group of interest and its two neighboring C atoms, whereas axis x is perpendicular to 

both y and z (56). 

The deuterium order parameter SCD that is measurable by NMR spectroscopy is related to the elements of 

the order parameter tensor through the relation  
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Because of the symmetry of the CH2 group the Sxy and Sxz elements of the order parameter tensor are zero. 

Furthermore, isotropic rotation around the z axis leads to the relations of Syz = 0 and Szz = -2 Sxx = -2 Syy 

(57). (The Szz parameter is often referred to as Schain, as well.) In this case the SCD order parameter of a given 

CH2 group can simply be calculated as  

      ,
2
1cos

2
3 2 −= αCDS              (11) 

where α is the angle formed by the C-H bond with the membrane normal. Conversely, noticeable deviation 

of the obtained Szz values from -2 Sxx or -2 Syy indicates rotational anisotropy along the molecular axis 

joining two C atoms that are separated by two C-C bonds (56). 

 

4.3. Structure of the Headgroup Region 
 

The structure of the dense headgroup region of the membranes, consisting of the polar part of the 

constituting lipid molecules, the waters penetrated deepest into the bilayer and also fractions of the 

hydrocarbon chains is of key importance in determining the properties of the membrane. The headgroup 

structure is resulted from the delicate interplay between the lipid-lipid and lipid-water interactions. The 

overall organization of the polar lipid headgroups and waters hydrating them can be characterized by the 

electrostatic potential between the aqueous phase and the membrane interior, a quantity that can again be 

compared with experimental data, and its contributions due to the lipid and water molecules. The detailed 

description of the headgroup region structure includes the analysis of the lipid headgroups as well as the 

structure of the interfacial water. 

 

4.3.1. Electrostatic Potential 

 

The electrostatic potential difference between the aqueous phase and the interior of the membranes built up 

by neutral phospholipid molecules is resulted from the microscopic separation of the center of the positive 

and negative charges due to the orientational preferences of the lipid headgroups and water molecules. This 

electrostatic potential difference, often referred to as the dipole potential Φ can be calculated at the distance 

Z from the middle of the bilayer along its normal axis, using the Poisson equation, as the double integral of 

the charge density profile ρQ(Z) as  
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where ∈0 is the vacuum permittivity. It is not surprising that the contribution of the lipid and water 

molecules to this potential is of the opposite sign: the orientation of the water dipole vectors is driven by the 

charge distribution of the lipid headgroups along the membrane normal axis. Due to the fact that the 

positively charged group of the neutral phospholipid molecules is always located at the end of the 

headgroup chain, and hence they are, on average, farther from the bilayer center than the negatively charged 

phosphate group that is attached directly to the glycerol backbone, the lipid contribution to the electrostatic 

potential of the aqueous phase with respect to the membrane interior is positive. This positive potential is, 

however, usually overcompensated by the negative potential contribution due to the preferential orientation 

of the water molecules, resulting in a net negative electrostatic potential value in the aqueous phase 

(24,45,50,58,59), in agreement also with existing experimental data (60). 

 

4.3.2. Lipid Headgroup Structure 

 

Perhaps the most important property characterizing the structure of the lipid headgroups is the distribution 

of its tilt angle relative to the membrane normal. (The orientation of the phosphorylcholine headgroup is 

often described by the vector pointing from its P to N atom, called the PN vector (18,38,39,48-51).) 

However, a detailed analysis of the headgroup structure requires a thorough investigation of the interactions 

acting between the headgroups, as well. Since phospholipid molecules lack hydrogen-bond donor H atoms, 

the most prevalent interactions acting between neighboring headgroups are charge pairing (49) and water 

bridging (i.e., when the two lipid headgroups are forming hydrogen bonds with the same, bridging water 

molecule) (61). In addition, in the case of mixed membranes containing also H-donor molecules (e.g., 

cholesterol) hydrogen bonding can also occur between these molecules and phospholipids (62). The 

presence and relative importance of these interactions as well as their details (e.g., participating atoms, 

equilibrium distance) can be analyzed in detail using the partial pair correlation function of appropriately 

chosen atom pairs (40,42,47-49,61-66). Since the lateral packing of the molecules is mainly determined by 

the interactions acting between the headgroups, the detailed investigation of the local lateral structure (e.g., 

by Voronoi analysis) can also shed some light to the nature of the headgroup-headgroup interactions 

(65,67,68). Furthermore, the relative arrangement of the neighboring headgroups can be described by the 

distribution of the angle formed by the vectors describing their orientation (usually the PN vector), whereas 
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their spatial distribution around each other can well be characterized by the distribution of the angle formed 

by two neighboring headgroups (represented by the position of an appropriately chosen atom, e.g., P or N) 

around the central one (66). 

 

4.3.3. Structure of the Interfacial Water 

 

The change of the orientational order of the interfacial water molecules along the membrane normal axis can 

be characterized by the profiles (i.e., the average values obtained in different lateral membrane slices) of 

appropriately chosen orientational parameters (51,58). Based on the behavior of these profiles the headgroup 

region can be divided into separate layers in which the full distribution of these orientational parameters can 

then be meaningfully analyzed (58). In phospholipid membranes, as in other polar interfaces the most 

important orientational parameter in this respect is clearly the angle formed by the water dipole vector with 

the membrane normal axis. However, the description of the alignment of entire water molecules relative to 

the bilayer requires the introduction of other orientational parameters, as well. In analyzing the interfacial 

orientation of water molecules it should be kept in mind that the unambiguous description of the 

orientational preferences of a rigid molecule relative to an external vector (e.g., the membrane normal) 

requires the calculation of the bivariate joint distribution of two independent orientational variables (e.g., the 

angular polar coordinates of the external vector in a local frame fixed to the individual molecules) (69,70). 

 

4.4. Analysis of Voids 
 

The properties of the voids in lipid membranes are closely related to the key biological functions of the 

membranes. Thus, several small molecules of vital physiological importance (e.g., O2, CO2, NO, etc.) go 

through the membrane of the cells by passive transport. This diffusion process is obviously related to the 

properties of the voids in the membrane. Further, some theories explain the phenomenon of anesthesia partly 

by changes in the void distribution of the membranes due to the anesthetics that are dissolved in the 

membrane interior (71). The properties of the voids to be calculated in order to thoroughly characterize the 

organization of the free volume in the system include the distribution of their size, shape, connectivity and 

orientation in the different regions of the membrane. In defining voids one has to make a distinction 

between the empty free volume (i.e., the entire space that is not covered by the atomic spheres) and the 

accessible free volume (i.e., the free volume pockets that are accessible for a spherical probe of a given size) 

(72). Obviously, the determination of the accessible free volume requires the introduction of an extra 
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parameter, i.e., the radius of the probe. In the limiting case of the probe radius of zero the accessible and 

empty free volumes become equivalent. Voids in the membrane can either be detected using a set of test 

points, or analytically, using the Voronoi – Delaunay (VD) method (73).  

 

4.4.1. The Test Point Approach 

 

In this method a large set of test points are generated (either randomly or along a grid) in the system, and the 

points that are farther from all the atoms of the system than a given limiting distance are marked. The ratio 

of these marked points and the total number of points generated provides immediately the fraction of the 

accessible free volume corresponding to the probe radius equal to the limiting distance used in the procedure 

(45,68,72,74-76). The identification of the voids, however, is a rather difficult task, since it has to be done 

on a system of marked and unmarked discrete points. A computationally efficient way of solving this 

problem involves union/find type algorithm that results in a tree structure containing the information on how 

the marked sites are connected to each other (76). A more serious problem of the test point approach is that 

it introduces a certain numerical inaccuracy in the results. To keep this numerical inaccuracy sufficiently 

low, a large number of test points has to be used, which makes the entire analyses computationally rather 

costly. Furthermore, the computational cost of such calculations increases proportional with the cube of the 

system size.  

 

4.4.2. The Voronoi – Delaunay Method 

 

In analyzing voids in systems built up by large molecules, such as lipid membranes a generalized variant 

(77) of the original VD method (73) has to be used. In this approach the system is divided into cells, called 

the Voronoi S-regions. Each of these cells are associated with an atom, and covers the region of space every 

point of which is closer to the surface of this particular atom than to any other atom of the system. 

Obviously, these cells fill the space without gaps and overlaps. The faces, edges and vertices of these cells 

are the loci of the spatial points that are equally close to the surface of two, three and four atoms, 

respectively, and are closer to these atoms than to any other atom of the system. Thus, the vertices of the 

Voronoi S-regions are the centers of the empty interstitial spheres that can be inscribed between the atoms 

of the system. These spheres can be regarded as elemental cavities; any complex void present in the system 

is built up by them. Further, each edge of a Voronoi S-region connecting two of its vertices represents the 

fairway passing through the narrow bottleneck between the nearest atoms, and can be characterized by the 
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radius of this bottleneck. The set of the Voronoi S-network vertices and edges of the system are forming a 

network, called the Voronoi S-network that can be used to map the interatomic voids in the system. Thus, 

each void accessible by a given spherical probe can be represented by a connected cluster of the S-network 

edges the bottleneck radius of all of which exceeds the radius of the probe. Knowing the position and radius 

of the atoms as well as of the elemental interatomic cavities (represented by the S-network vertices) the 

volume of the void can easily be calculated (77). Although the determination of the Voronoi S-network 

vertices and edges requires rather sophisticated algorithms, this approach can detect the voids present in the 

system in an exact yet computationally less demanding way (41,77,78). 

 

4.5. Analysis of the Solvation  
 

4.5.1. Solvation of Large Molecules 

 

The ultimate goal of the lipid membrane simulations is to model the complex environment of the 

membranes of living cells, and thus help in understanding their biological functions on the molecular level. 

However, presently available computer capacities only allow the simulation of a few solute molecules (e.g., 

anaesthetics (79,80), coenzymes (81), peptides (82), oligonucleotides (83) or a protein molecule (12) in a 

pure phospholipid membrane, or simulations of two component mixed membranes built up by phospholipid 

molecules as the main component and other natural amphiphils (e.g., cholesterol 

(23,24,38,39,45,54,62,63,65,68,75,76,78)). Recently Pandit et al. have reported computer simulation of a 

three component rafted membrane, in which a domain of cholesterol and 18:0 sphingomyelin is embedded 

in the matrix of phospholipid molecules (84). These studies usually focus on the local (23,65,76,82) as well 

as overall (24,38,39,45,68,76,78-84) changes induced in the structure of the phospholipid membrane by the 

solutes, the specific (e.g., hydrogen bonding) interactions between the solute and phospholipid molecules 

(62,63,65,83) as well as on the preferential position and diffusion of the solute in the membrane (79-81).  

 

4.5.2. Free Energy Profile of Small Molecules and Membrane Permeability 

 

There is a class of solvent molecules of biological relevance, i.e., small, neutral molecules of physiological 

importance (e.g., water, O2, CO2, NO, etc.) the solvation of which in the membrane can be analyzed in 

considerable more detail than that of larger solutes. The biological role of these molecules requires their 

ability of passing through the membrane without the aid of any specific, membrane-bound proteins, and 
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hence the profile of their solvation free energy across the membrane is of great importance. Such 

calculations (40,74,75,85,86) are usually performed by inserting the solute into a large set of test points in 

the system. Using the cavity insertion variant of the method (74), when the test particle is only inserted into 

spherical cavities of the minimum radius of Rcav, the free energy profile A(Z) along the membrane normal 

axis Z can be computed as  
 

   ( )[ ] ,/1)(ln/)(expln)( NpVZPTkZUTkZA cavBtestB −−+−−=            (13) 

 

where kB is the Boltzmann constant, N is the number of the particles, p, V and T are the pressure, volume 

and absolute temperature of the system, respectively, Utest is the interaction energy of the inserted test 

particle with the system, Pcav is the probability of finding a suitable empty cavity, and the brackets <….> 

denote ensemble averaging. Pcav is directly obtained in the calculation as the ratio of the number of 

gridpoints representing cavities to the total number of gridpoints in the cell. The calculation provides also 

the fraction of the accessible free volume for the probe of radius Rcav immediately. It should be noted that in 

the case of Rcav = 0 the Pcav probability is unity, and the original version of the particle insertion method (87) 

is given back. When the diffusion constant profile of the solute D(Z) is also determined (40,85,86) (e.g., by 

the force correlation method (40)), the experimentally also accessible permeability coefficient of the solute 

P can also be calculated (40,85,86) using the inhomogeneous solubility-diffusion model of Marrink and 

Berendsen (85), as  
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